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In  the  previous  paper,  we  presented  a  general  expression  for 
the  Taylor  series  for  any  function  which  can  be  expressed  \s  a 
simple  product  of  a  purely  radial  and  purely  angular  part. ^  In 
this  paper  we  apply  that  form  of  the  Taylor  series  to  the  Yukawa 
potential  JLlIL/xj >  and  to  several  potential  functions 

which  can  be  derived  from  it.  In  particular,  wo  examine  the 
expansion  of  the  Yukawa  potential  itself.  In  the  limit  as  the  — 
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exponent  a  vanishes,  the  Yukawa  potential  transforms  into 
the  Coulomb  potential.  We  show  that  the  limiting  process  applied 
to  the  Taylor  series  for  the  Yukawa  potential  veilds  the  familiar 
form  of  the  Laplace  expansion  of  the  Coulomb  potential. 
Differentiation  of  the  Yukawa  potential  with  respect  to  the 
exponent  a  yields  the  exponential  function.  lienee,  we 
develop  a  Taylor  -  Laplace  power  scries  representation  of  the 
Morse  potent ia 1  .^1 ntegrat  ion  of  the  Yukawa  potential  with 
respect  to  the  ermonent ,  in  the  sense  of  the  Laplace  transform, 
yields  functions  \jf  the  form  r~D.  Thus,  Taylor  series  for  the 
Leonard -Jones  and  related  potentials  can  he  constructed, 
finally,  wc  consider  a  Laplace- like  functional  expansion  of 
the  Yukawa  potential  followed  by  a  Taylor  series  develop¬ 
ment  about  the  end-point  of  a  vector  in  the  expansion. 

This  process  illustrates  the  application  of  the  general 
methods  to  a  more  complicated  angular  dependence  than  one 
finds  with  the  use  of  simple  scalar  functions.  An  appendix 
contains  a  Taylor  series  for  one  additional  potential  which 
is  not  directly  related  to  the  Yukawa  potential:  The  Koods- 
Saxon  potential.  The  expansion  for  the  Buckingham  exp -6 
potential  (totally  derivable  from  the  Yukawa  potential)  is 
also  given. 
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I n  the  previous  paper,  we  presented  a  general  expression  for  the 
Taylor  series  for  any  function  which  can  he  expressed  as  a  simple 
product  of  a  purely  radial  and  purely  angular  part.  In  this  paper 
we  apply  that  form  of  the  Taylor  series  to  the  Yukawa  potential 
[  y  ( r )  =  e  /r],  and  to  several  potential  functions  which  can  be 
derived  from  it.  In  particular,  we  examine  the  expansion  of  the 
Yukawa  potential  itself.  In  the  limit  as  the  exponent  a  vanishes, 
the  Yukawa  potential  transforms  into  the  Coulomb  potential.  We  show 
that  the  limiting  process  applied  to  the  Taylor  series  for  the  Yukawa 
potential  yields  the  familiar  form  of  the  Laplace  expansion  of  the 
Coulomb  potential.  Differentiation  of  the  Yukawa  potential  with 
respect  to  the  exponent  a  yields  the  exponential  function.  Hence, 
we  develop  a  Taylor-Laplace  power  series  representation  of  the  Morse 
potential.  Integration  of  the  Yukawa  potential  with  respect  to  the 
exponent,  in  the  sense  of  the  Laplace  transform,  yields  functions  of 
the  form  r  .  Thus,  Taylor  series  for  the  Lennard- Jones  and  related 
potentials  can  be  constructed.  Finally,  we  consider  a  Laplace-like 
functional  expansion  of  the  Yukawa  potential  followed  by  a  Taylor 
series  development  about  the  end-point  of  a  vector  in  the  expansion. 

This  process  illustrates  the  application  of  the  general  methods  to 
a  more  complicated  angular  dependence  than  one  finds  with  the  use  of 
simple  scalar  functions.  An  appendix  contains  a  Taylor  series  foi' 
one  additional  potential  which  is  not  directly  related  to  the 
Yukawa  potential:  the  Woods-Saxon  potential.  The  expansion  for  the 
Buckingham  exp-n  potential  (totally  derivable  from  the  Yukawa  potential) 
is  also  given. 


1.  Introduction 


Given  a  general  function  G(r)  of  the  vectorial  separation 
between  two  points,  r  =  Vi  -  r2,  we  can  consider  the  expansion  of  this 
function  in  two  ways.  In  one  form  of  expansion,  we  can  express  the 
original  function  as  a  series  of  products  of  new  functions.  The 
arguments  of  the  individual  functions  depend  only  upon  components  of 
ri  or  r2  alone.  Thus,  the  dependence  on  rj  and  r2  in  the  original 
function  is  separated.  The  other  form  of  expansion  is  to  consider 
the  development  of  the  function  as  a  power  scries  in  terms  of  the 
d i splacement (sj  about  the  vectorial  end-point (s) .  The  Taylor  series 
represents  such  a  development. 

In  tills  paper  we  develop  Taylor  series  for  several  commonly  used 
potential  energy  functions.  The  functions  all  can  be  derived  from  the 
Yukawa  potential  function: 

y (rj  =  exp  (-ar)/r .  (1  .1) 

The  particular  functions  we  consider  in  addition  to  the  Yukawa 
potential  are  the  Coulomb  potential  (we  show  this  as  a  limiting  form), 
the  exponential  and  Morse  potentials,  and  the  Lennard -Jones  potential. 
Included  is  the  Buckingham  exp-6  potential  which  is  merely  a  hybrid 
form  of  terms  which  wc  consider.  Our  analysis  shows  that  for  parent 
functions  which  can  be  expressed  as  inverse  powers,  the  Taylor  series 
is  equivalent  to  the  Laplace  expansion  of  the  same  function. 

An  objective  in  seeking  functional  or  power  series  expansions 
of  various  potential  functions  is  to  be  ahlc  to  simplify  the  potential 
energy  functions  for  complicated  distributions  of  molecular  sources. 
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Thus ,  given  a  spatial  distribution  of  sources  for  a  particular 
potential,  c . g .  ,  electrostatic,  exponential,  Morse,  or  Lennard- 
Jones,  it  is  frequently  necessary  to  consider  some  form  of  symmetry- 
adapted  expansion.  Briels  (1980)  has  considered  this  type  of  problem 
lor  functional  expansions  of  the  Buckingham  (1938)  exp-6  potential.  In 
a  number  of  instances,  it  is  necessary  to  consider  symmetry-adapted 
Taylor  series  as  well.  Schmidt,  Pons  and  McKinley  (1980)  considered 
such  an  expansion  in  an  analysis  of  the  vibrations  of  ions  and  atoms 
in  condensed  phases.  The  formulae  we  consider  here  simplify  the 
problem  of  constructing  Taylor  series. 

In  the  next  section  we  list  the  formulae  needed  for  the  subsequent 
discussion.  In  section  3  we  consider  the  Taylor  series  for  the  Yukawa 
potential.  In  section  4  we  consider  the  limiting  transitions  to 
the  Coulomb,  exponential,  and  Lennard- Jones  potentials.  Finally, 
in  section  5  we  consider  the  Laplace  functional  expansion  of  the 
Yukawa  potential  and  the  development  of  a  Taylor  scries  for  one  of 
the  functional  elements.  The  Woods-Saxon  (19S4)  and  Buckingham  (1938) 
exp-6  potentials  are  considered  briefly  in  an  appendix. 

2.  The  (leneral  Taylor  Series 

In  the  preceeding  paper  (McKinley  and  Schmidt,  198_)  we  showed 
that  for  any  function  G(r)  which  is  separable  into  purely  radial  and 
angular  parts  of  the  form 

(Hr)  =  Y^(r)Hr)  (2.1  ) 

where  (r)  is  the  spherical  harmonic  function,  the  Taylor  scries 
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in  terms  of  the  vectorial  displacement  c  is 

G(rc)  -  t4»)5/Z  I  Cc'Vn!)  I 

n=0  I,,M,£,m 


(2L+1) 

TTTTTTnrrrT 


1/2 

(L£00  |  AO)  ( l.£Mm  |  Ap)  I  (r)  . 


(2.2) 


In  this  formula  (IJ.Mm|Ap)  is  the  Clebsch-Ciordan  coefficient  (Hose, 
1957).  A  j  is  given  by  (Morse  and  Feshback,  1953) 


A 


nf 


0  for  ?  >  n  and  n 

( 2 £  +  1 ) n  !  (n-J.+l)  !  ! 

( n  -  £  + 1 )  !  tn+I+TJ  !  ! 


-  £  odd 


for  £  <  n  and 


£ 


n  even 


(2.3) 


and  1  ,  (r)  is  defined  bv 

nl. 


Wr) 


1 

C2TT)  3 


dk  kn+2f (k) jj  (kr) 

0 


(2.41 


where  j  (x)  is  the  spherical  Bessel  function  of  the  first  kind 
(Arfken,  1970).  The  quantity  f(kl  is 


f(k) 


i  •  A 
4  71  1 


fdr 


0 


r2f(r) jA (kr)  . 


(2.5) 


liquation  (2.2)  and  tbe  supporting  equations  (2.3)-(2.5)  arc  used  in 
the  following  sections. 

We  shall  have  need  to  use  the  limiting  form  of  oqn  (2.21  for 
a  scalar  function  r. :  A  =  p  ~  0 .  This  quantity  was  derived  in  the 
proceeding  paper  (McKinlev  and  Schmidt,  1 0 8 _ 1 
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i;oUJ  =  /‘In  ^(cn/nUh  i)f  +  nAlUl'£(l--c)ln)i(r).  I  2  .  <>  ) 

P ii(x)  is  the  Legendre  Polynomial. 

5.  Funct ional  and  Power  Series  for  the  Yukawa  Potential 


We  now  express  the  Yukawa  potential,  eqn  (1.1),  as 

y(r)  =  /3~ t  Y  o  o  ( r  )  —ex  p  (.  -  a  r ) .  (3.1) 


The  Fourier  transform  is 


f(k)  = 


(4tt)^^|  dr  r  exp  (-ar)  j  0  (kr) 
o 


dr  exp ( - ar) sin (kr ) 


=  (  4  it ) 


3/2 


o 

1 

k2  +  a~2 


(3.2) 


The  radial  factor,  lnf(r),  in  the  general  term  of  the  Taylor  scric 
i  s 


i n o  ( r )  =  -4n\  dk  k"+2  r~ — 7  Mkr) 

nl  7|-V^0  k2  a2  * 


(3.3) 


The  integral  can  be  evaluated  in  the  upper  hall'  of  the  complex  plane. 
The  entire  integrand  is  even  (because  n  *  i  is  even).  Thus  the 
range  is  doubled  to  include  the  entire  real  axis  of  k.  Wc  now 
introduce  the  spherical  llankcl  functions  with  the  vise  of 
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j  o l k  r )  =  Re  hj]) (kr)  (5.-1  ) 

n+ 

[as  is  customary,  Re  stands  for  the  ’real  part  of1].  The  lactor  k 
in  (5.5)  removes  the  pole  of  order  £+1  in  h^^(kr)  at  k  =  0.  Thus,  the 
only  juries  in  the  integrand  are  located  at  the  points  k=iia„  As 
a  result,  the  integration  yields  modified  spherical  Bessel  functions 
of  the  third  kind  (Arfken,  1970)  which  are  defined  by 

k.(ar)  =  i ^ ( iar) .  (3.5) 

Altogether,  we  find 

.  ,  x  ,  i  x  -  i  ii+  1  .  n-  fc,  ,  x 

I  n ji  (. r )  =  1.^*0  a  i  k^(ar). 

The  Yukawa  potential  at  the  displaced  point  now  can  be  written  as 

y  tr+c)  =  I  — A  un+1P£(r‘C)k.  (ar)  .  (5.6) 

n ,  l 

It  is  usefuJ  to  compare  this  form  of  the  expansion  with  a  Laplace- 
type  functional  expansion  of  the  same  potential.  []n  section  5 
we  consider  the  Taylor  expansion  of  part  of  the  following  functional 
form.)  llivcn  the  Yukawa  potential  y(r)  ,  eqn  (3.1),  we  can  consider 
t  he  l'o  1  low  Lng  rc  lat  ionship  : 

>’  ( r  i  -  r  ? )  =  ■— l—  [d  3  k  -  exp  [  -  i  k  •  (r  i  -  r2 )  ]  (5.  "I 

(2n)3'  k 2  +  a  2  ~  '  ~ 
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As  is  shown  in  section  5,  with  the  use  of  two  Rayleigh  expansions 
for  the  exponential  functions  in  eqn  (3.71,  the  functional  expansion 
i  s 

yC^-rz)  =  4tt  l  aix(ar<)kA(ar>)YAi|(r1)Y*ij(rz)  (3. fit 

in  which  i  (x)  is  the  modified  spherical  Bessel  function  of  the 
first  kind.  The  quantities  represent  the  greater  (lesser)  of 

ri  and  r2.  Tn  this  expression,  apart  from  powers  of  r  implicitly 
contained  in  the  representations  of  the  transcendental  functions 
k  and  as  infinite  power  series,  there  is  no  explicit  dependence 
on  the  powers  of  ri  or  r 2 .  The  functional  expansion  is  therefore 
distinctly  different  from  the  Taylor  series.  The  angular  dependence, 
expressed  through  the  Legendre  polynomials,  is  the  only  similarity 
between  the  two  expressions. 

4.  Potentials  Derived  from  the  Yukawa  Potential  and  its  Taylor  Scries 


In  the  Yukawa  potential  y(r),  in  the  limit  as  a  tends  to  zero 
we  recover  the  Coulomb  potential: 


1  im  — —  =  1/r.  (4.1) 

av0 


Differentiation  of  the  Yukawa  potential  with  respect  to  the  exponential 
coefficient  a  yields  the  simple  exponential  function: 


c_ar 

I' 


c 


-  ar 


Ami,  finally,  when  the  Yukawa  potential  is  part  of  the  followin 
integral 


TIFTf! 


r 


r(> 


(4.3) 


we  recover  functions  of  the  form  r  1 . 

In  this  section  we  consider  these  three  basic  limiting  cases 
and  the  Taylor  series  which  can  be  derived  from  the  indicated  limiting 
processes . 

The  Coulomb  potential  is  an  appropriate  limit  of  the  Yukawa 
potential,  as  indicated  above.  When  this  limit  is  applied  to  the 
series  representation  (3.6),  we  obtain  the  following: 


1 

r +  c 


1  i  m  v  (  r  +  c  ) 
a^O 


y 

n,  l 


(-c) 

nT~ 


A  .1  p  (nr)  }!’  (c  •  r) . 

a->0 


(4.41 


From  the  definition  of  the  modified  spherical  Ressel  function 
(Arfken,  1970), 


1 i m  k  (ar) 
a-*0 


1  im 
a->-0 


(2Q  ! 


~  9,  .  r  n£+1 

2  9 A  ( a  r ) 


1  im 
a-+0 


( 2  £  - 1 )  !  ! 


(ar) 


T+T 


(4.5) 


so  that 


lim[an+lk  (ar)l  =  <5  -Apr  (2J.-1)!!.  (4.6) 

a-*0  ’  r 


From  eqn  (2.3)  which  defines  the  coefficients  ? ,  wc  find 
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A 


c  c 


a  i 

TTTTTTT  ‘ 


(4.7) 


Upon  the  substitution  of  eqn  (4.6)  and  (4.7)  into  (3.6),  we  obtain 


1 

TrTeT 


(-c) 

-JTT 


Vr' 


c) 


(4.8) 


which  is  identical  to  the  Laplace  expansion  of  the  Coulomb  potential. 

We  note  that  if  a  similar  analysis  is  carried  out  with  the  use 
of  eqn  (4.22)  of  the  proceeding  paper  (McKinley  and  Schmidt,  198  ), 
we  recover  the  Carl  son - Rushbrooke  (1950)  expansion  in  the  limit  as 
the  quantity  a  vanishes. 

The  simple  exponential  function  exp(-ar)  has  been  in  use  for 
a  considerable  time  as  a  representation  of  the  repulsive  interactions 
which  operate  between  atoms,  ions,  and  molecules  (Rorn  and  Mayer,  19521. 
Combinations  of  the  exponential  repulsion  and  inverse  powers  of 
attraction  are  commonly  used  in  the  analysis  of  intcrmolecular 
interactions  (Hi  rsch  fel  dcr ,  e_t  al.  ,  1954,  Margcnau  and  Kestncr, 

1909).  A  combination  of  exponential  functions  defines  the  Morse 
(19  29)  potent i a  1  : 


M  ( r )  =  I)  ca(r°-r)[ea(ro-r)  .  2] 


(4.9) 


in  which  0  is  an  energy  of  dissociation,  and  r0  is  an  equilibrium 
separation.  Rriels  (1980)  has  considered  the  functional  expansion  of 
the  exponential  component  of  the  Buckingham  exp-6  potential  in  order 
to  develop  symmetry-adapted  scries. 


The  Taylor  series  for  the  exponential  function  is 


-i  n- 


e\p|  -a (r+c)  ] 


d  o  x  n  |  -  a  ( r  +  c )  1 

'B  “Tr+Ui 


r  (-c)  .  n  %  d  ,  n+1.  ,  , , 

^"irr  AntP£(r,c5tIala  Mar)1 
n  .  9 


Kith  the  use  of  the  mixed  recurrence  relation  (Ahramowitz  and  Stegun, 
1  0  0  S  ) 


=  kJU)  =  -  =kc.,(3)  -  (9+1  )k?(z) 


(4.11) 


in  eqn  (4.9),  kc  pet 


■XU  1  -  a  (r  +  c )  ]  =  l  (r*c)  [arkpl  (ar)  -  (n-£)k # (ar) | . 


(4.12) 


The  Morse  potential  expands  as 


M  (r+c)  =  1)  l 


(-ac) 


An^(r*0(2ne2arVar  ke  l(2ar) 


(n- ?.)k ?  (2ar)  1  -  2  car,|ar  k?  j(ar)  -  (n - £) V.?  (ar)  1  ) 


(4  .  1  5) 


Finally,  we  consider  the  Tavlor  series  for  | r+c |  .  Substituting 

the  Taylor  series  for  the  Yukawa  potential  (3.6)  into  (4.3),  we 
obta  i  n 


r  +  c  |  ^  '  TT^T 


7 TTTT  \  da  I  ^f-  An9P9.(r*c1an  +  lk9(ar) 

1  J  -  n ,  P, 


Tf-VjT  l  An  9 -  '  n !  PP(r*c^j  da  a<1  "  lkp(ar1 

1  n ,  P  J 


o 


(4.14) 
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whcre  we  have  exchanged  the  order  of  summation  and  integration.  We 
now  can  use  the  mixed  exponent ial -polynomi al  form  of  the  modified 
spherical  Bessel  function  (Abramowitz  anti  Stegun,  1005) 


kjx) 


c'x  v  U  +  s)! 

~  J0  Trrrn.  c  ~s 7 t  x 


(4.15) 


to  write 


da  ac,  +  n  ^kp(ar) 


1  p 
I  l 

r  L 


0 


( ?  +  s  )  !  1  ' 

(2s)  !  !  (i-s.)  !  sj 


,  o+n-s-2  -ar 

da  a  1  e 


(4.1(0 


The  integral  is  uncomplicated  and  straightforward  to  evaluate  as 
long  as  ip2.  (Note,  from  eqn  (4.14)  the  expansion  vanishes  for 
(q-2)<0  because  the  factorial  becomes  infinite.]  Thus,  the  expansion 


1  s 


l  A„<>Mr*c) 


.  |  q  q  £  .  ’  n  l  £ 

r+c |  1  r  1  n  ,  l ,  s 


C*  +  s)  !  (< 

1+n-s -2)  ! 

n  !  ( £  -  s )  !  ( i 

Ls)M  ( q - 2 )T 

s  f o rm  is 

equivalent 

H-c/r)1 


(4.17) 


obtained  by  Briels  (1980)  who  used  a  functional  expansion. 


5.  Laplace  and  Laplace-Taylor  expansions  of  the  Yukawa  potential 

The  main  problem  we  consider  in  this  section  concerns  the 
evaluation  of  the  Taylor  series  expansion  of  the  function  y(rj-r2) 
about  the  point  rj.  Such  an  expansion  is  required,  for  example, 
when  one  needs  to  consider  a  source  at  r2  and  the  displacement 
of  a  particle  about  the  point  n;  both  points  r,  and  r2  share  a 
common  origin. 
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Bcfore  we  consider  the  displacement  about  rj  by  c  in  detail, 
we  l'irst  demonstrate  eqn  (3.8),  the  Laplace  functional  expansion 
of  the  Yukawa  potential. 

/% 

The  Fourier  transform  is  given  by  eqn  (3.2)  together  with  Y  0  o  00  : 

l'.Uv(r)}  =  (5.1J 

'  '  k  2  +  a 2 

where  here  q  is  the  strength  of  the  source.  The  functional  form  of 
>'  l r  i  -  f  2 )  is 


y(ri-r2)  =  — - —  [d3k  - exp [ - ik •  (r t - r 2 ) ] .  (5.2) 

'  ~  ( 2  71 )  3  J  k 2  +  a 2  ~  v  - 

The  use  of  two  Rayleigh  expansions 

exp  (ik*  r)  =  4tt  l  i  XY*  (r)  Y,  (k)j  x  (kr)  (5.3) 

A  ,  u 


in  eqn  (5.2)  yieJds 

y  ( r  i  -  r  2 )  =  8q  £  Y^  (r  i  )  Y  ( r2 )  J  dk  —■  i  A  (kr  i )  j  A  (kr  2 )  (5.4) 

A ,  u  ■o  k  +a 

upon  integrating  over  the  angles. 

The  radial  integral  is 


1 ( r i ,r2) 


dk - j  .  (kr  i )  j  .  (kr  2  )  . 

o  k2+a2  A  A 


(5.5) 


The  evaluation  of  this  integral  proceeds  along  lines  similar  to  the 
evaluation  of  eqn  (3.3).  We  write 


wmmjm 
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I 


OJ 


dk 


-  oo 


h.U)(kr  jj  (kr  ) 

k2  +  a 2  A  >  A  < 


(  5  .  (>  ) 


in  which  is  the  greater  of  ri,  r? .  The  (A+l ) -order  pole  in  h[ 
at  k=0  is  removed  by  the  (A+2) -order  zero  in  k2j.(kr.).  Hence, 
closing  the  contour  above,  the  only  pole  is  at  k=+ia.  The  integral 
l  is 


1  =  JaiA(ar<)kA(ar>). 


(5.7) 


Thus,  the  Laplace  expansion  of  the  Yukawa  potential  is  that  given  by 
eqn  (.3.8)  : 


y(ii-r2)  =  4 tt q  ^Y.  (r1)Y^  (r2)ai^(ar<)k^(ar>). 

Ap  M  M 


(3.8) 


We  now  consider  the  expansion  about  the  point  ri 


y  (r  i+c-r2)  =  q  l  (c •  Vi)ny  (r i  - r2 ) 

~  "  ~  n  =  0  n*  '  " 

=  41,(1  i'  H’'YAu(r2)(S*^nfYAM(ri)aiA(ar<)kA(ar>)l  . 
n  A  y 

(5.8) 

In  order  to  evaluate  this  expansion,  we  need  to  consider  the  ’partial 
potential ' 


=  YAu(ri)aiA{ar<)kA(ar>) 


(2n) 


-f 

■,,)  3  J 


d 3 k  fA(k)YA  CkJcxpC-ik-rO 


3 


(5.9) 
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ilouhled.  Write 
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1  nLX  ^ r  1 


i 

4  7T  2 


k 


n  +  2 


dk 

-00  k  2  +3  2 


-  jA(kr2) jL(kri) 


(5.14) 


We  consider  two  cases  separately. 

Case  A:  rj<r2.  Let  j^(kr2)  =  Re  hj^'(kr2)  and  close  the  contour 
above.  As  k->-0,  the  entire  integrand  behaves  as  j(n~^  +  k+l<  The 
The  triangle  inequality  for  the  Clebsch-Gordan  coefficient  ensures 
that  £+L-A>0.  We  know  that  n-£>_0.  Thus,  n+L-A>_0,  and  there  is  no 
pole  at  k=0.  The  pole  at  k=ia  contributes  through  its  residue  to 
the  integral: 

.n  +  L  . 

IjjjvCrj)  =  - —  an  lk.  (ar2)i.  (arj)  (5.15) 

4  IT 


and 


y(ri+c-r2)  = 

-  -  -v  r  i  <  r  2 


f  2L+ 1 

[ITX+T)  (2£+l) 


iA^3,2q  ,  ?  ,  <c"/n!)AntY*Xpda)VSmlOV 

nXptmLM 


1/2 


(LJIOO  |  XO)  (£LmM  | Ay)an+^k^ (ar2) i  (ari). 


(n) 

(5.16) 


In  the  limit  as  rj-+0  in  eqn  (5.16),  we  recover  eqn  (3.6). 

Case  B:  ri>r2.  Proceed  in  a  manner  which  is  similar  to  case  A. 
Let  j  j  ( k r  i )  =  Re  hd^(kr!).  Again,  we  can  show  that  n  +  X-LM)  so  that 
there  is  no  pole  at  k=0.  The  residue  at  k=ia  now  yields 


nl.A 


( r  i ) 


. n  +  2  X  - 1 
4  v  1 


a°+ 1 i ^ (ar 2 ) k^ (ar i  ) 


(5.17) 


and 

. . _ .  i 
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y(r,»c-r,)ri>ri  -  (4»)3/2q  l  (cn/nl)A„1vt,1(?I)Ylm(OYlu(n) 


nApimLM 


nrAi.'1  27  ‘  J  '  l,M 


?i+l  \l/2  , 

x  lllA^TTlTrriyJ  (L£00|il0)(Ll  Mm|Ap)an  1iA(ar2)kL(arj)  .  (5.18) 


As  an  example,  we  now  apply  these  results  to  the  problem  of  a 
ring  of  source,  such  as  a  charged  ring  or  a  ring  of  source  for  the 
Morse  potential. 

The  distribution  of  source  is  such  that  an  element  of  source  dq 
is  in  the  vicinity  of  r2.  Thus,  we  write 


y(i'i)  =  dy(rj-r2) 


=  4njdq  l  Y  (n)Y  (r2)  aiA  (ar<)kx  (ar>) 

J  A ,  p 


(5.19) 


for  the  case  of  a  ring,  the  magnitude  of  r2  is  constant.  Hence, 


dq  =  d<)>2 

£  TT 


(5.20) 


|dc,  Y  (r2) 


■  ^Ti)1/2rA(cose; 


=  ^  YA0(r2)6p0- 


(5.21) 


We  find  for  y(rj) 


y(rt)  =  qa^A(ar<)kA(ar>)  (2A  +  l)PA(cose,)PA(cos62) 
X 
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We  now  use  the  results  obtained  above  to  investigate  dis¬ 
placements  by  c  about  Ti.  For  ri<r2  we  have 


2L+ 1 

C2a  +  1)'(2£+1) 


>’Oi+c)  =  ( 4  7T  ■)  3  /  2  q  l  (cn/n!  )A  yxo(r2)V  (ri)Y  (c) 

~  ~  rivr2  nXudmLM  ^A0  LM  £rn 

1/2 


(L£00|  AO)  (L£Mm|X())an  +  1iI  (art)kx(ar2)  (5.25) 


and  for  i"i>r2 


v(ri+c)  =  (4ir)3//2q  [  LsJ — 


nAy£mLM  n! 


2L  +  1 


[T2a  +  1)'(2£+1  ) 


1/2 


(U00|  XO)  (L«fm|  X0)an  +  1i  (ariHt  (ar  , )  •  (5.24? 


In  the  limit  as  a  tends  to  zero  in  these  expressions,  we 
recover  the  forms  associated  with  the  Coulomb  potential: 


1  ini  y(n) 
a->0 


qI(2A  +  l)P,  (cos0i)P,(cos02)lim  ai,(ar)k.(ar) 

■v  A  A  A  <  A 

A  a-*0 


q[Px(cos0i)Px(cose2) 


(5.2  5 ) 


from  eqn  (5.22).  This  expression  usually  is  obtained  as  an  example 
in  classical  electrostatics  by  other  means  (c£. ,  Jackson,  1 9 b 2 ,  p.P4). 
The  Coulomb  limit  for  the  expansions  (5.23)  and  (5.24)  yields 


lim  y(ri+c-r2) 
a-*0 


r  i  <r  2 


(4tt)  3//2q 


l 

?  Lm 


T!Yh+«,n(r2)Yl, 


Vr>1Yt»' 


c) 
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1/2 

|Tt»l)U02»*l))  (LfcOO | L+EO)  (Lt-mmlL^O)  j  j  j 


rV 

c  L'+'i+l 

r2 


(5.26) 


and 


3/2  „  r  ri! 

li»  y(r.*c-r2)ri>rj  -  (4,)  i-Tf-Yg-L,0<r’>YL,-m(r‘) 


2L  + 1 


[(2)1  +  1) (2£-2L+1)J 


1/2 


(L£00  |  £-L0)  (l,£-mm[  £-LO) 


i-L 

(  2  L  - 1 )  !  !  2 

(2«,-2L  +  l)  !  !  L+ 1 

r  i 


(5.27) 


Although  we  have  examined  the  case  of  the  ring  as  an  example, 
it  is  far  from  an  idle  one.  There  are  numbers  of  systems  of  interest 
in  physics,  chemistry,  and  biology  in  which  essentially  one  atom  or 
ion  sits  in  close  proximity  to  a  configuration  of  atoms  which  are 
bound  together  as  pentagons,  hexagons,  and  higher  regular  polygons. 

Some  examples  are  the  single  crystal  surfaces  of  pure,  clean  metals 
and  other  solids,  annular,  charged  ring  molecules  in  chemistry, 
and  surface  aggregates  of  phosphate  ions  in  biological  membranes. 

It  is  easy  to  show  by  computer  simulation  (Schmidt,  unpublished) 
that  the  difference  between  the  hexagon  and  a  continuous  ring 
is  a  small  one.  Thus,  the  ring  of  charge  or  matter  as  the  source 
density  for  the  Morse  potential,  for  example,  serves  a  useful  function. 
The  analyses  of  vibrations  and  stabilities  in  such  systems  are 
facilitated  by  the  analyses  given  above. 
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Appendix  I,  The  Woods-Saxon  and  Buckingham  exp-6  potentials 

We  have  mentioned  the  Buckingham  (1938)  potential  in  the  text 
of  this  paper.  In  this  appendix  we  show  a  general  expression  for  the 
Taylor  series  expansion  of  this  potential.  The  result  compliments 
Briels  (1980)  functional  expansion.  First,  however,  we  consider 
a  different  kind  of  potential  energy  function,  one  which  depends 
upon  the  exponential  function,  but  is  not  directly  related  to  the 
Yukawa  potential.  The  function  is  the  Woods-Saxon  (1954)  potential 
which  has  been  used  frequently  in  the  analyses  of  nuclear  models. 

The  Woods-Saxon  potential  has  a  simple  form: 

^WS  1  +  exp  [  (r-r  o)  /p)  *  U-l) 

This  function  does  not  easily  admit  a  Fourier  transform.  Therefore, 
the  direct  application  of  the  integral  form  of  the  Taylor  series 
is  inappropriate.  We  resort  to  a  differential  form  (McKinley  and 
Schmidt,  198  )  in  order  to  get  useful  results. 

In  particular,  in  the  previous  paper  we  showed  that  for  a 
scalar  function  of  the  form 

G(r)  =  Y o  o  (r)  [  /4¥l'(r)] 

=  F(r)  (I  .2) 


an  arbitrary  term  in  the  Taylor  series  is 


1  f  c  -  V)  f  r  1  V  a  p  fr*cl  T  + 

-,U-V)  f  (r)  nj  l \uVr  TI^qTT^qlTT  r  (  r 
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+ 


<0 

37j 


(d/dr)n'q_1F(r)  . 


(1.3) 


For  the  case  of  the  Woods-Saxon  potential,  it  is  reasonably 
easy  to  obtain  a  closed,  polynomial  representation  for  the  differentia¬ 
tions  indicated  in  eqn  (1.3). 

The  differentiation  of  the  Woods-Saxon  potential  (1.1)  to 
arbitrary  order  is  carried  out  as  follows.  Let 


x  =  exp [ (r-r0)/p]  . 


(1.4) 


Then 

(d/dr)n  »  p-n(x^]n  (1.5) 

and  by  means  of  mathematical  induction  we  find 


11  =  l  C"xs(d/dx)s  (1.6) 

s  =  l  s 

where  the  coefficients  are  determined  by  means  of  the  following 
initial  and  end  conditions 


C1}  =  Cn  =  1 
1  n 

Cn  =  0  for  all  s  >  n 
s 

and  the  recursion  relation 


(1.7) 


(1.8) 
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The  differentiation  of  the  Woods-Saxon  potential  now  leads  to  the 
general  term  for  the  Taylor  expansion 


I  ( C  •  V)  nd>  =  -  Va  P  (7.C)  y 

n!  '  '  ^WS  n!pn  l Ul  ^  q  =  0  T^-'q)  !'(2q)  f! 


n!p“  l 
n  -  q  - 1 

1  l 

s=  1 


(P/r) 


Cn-q)(p/r)‘Yl  ‘c^’1  e (s)  ♦  njV'q  e(s) 
h  s-1 


(1.9) 


in  which  e(s)  is 


e  (s)  *  (-l)s  .  (I  .10) 

{ 1  +  exp [ ( r- r  o ) /p ] }b 

The  Buckingham  potential  is  simply  a  combination  of  the  exponential 
and  van  der  Wauls  r  ^  potentials: 

4>B(r)  =  ae‘br  -  c/r6.  (1.11) 


The  Taylor  expansion  of  this  function  is  just  the  combinations  of 
eqn  (4.12)  and  (4.17).  We  find  specifically 


4>B(r  +  r’)  = 


y  LL1 

1  n! 


n ,  1 


An£P£  *  r ' ) 


abn[brk£  _  j  (br)  -  (n- H)  k£  (br) | 


1  c  v  (fc  +  s) ! (n+4-s)  i 

if  ^  J0  nJisfffisjTr 


(1.12) 
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Appendix  II.  The  evaluation  of  the  integral  (^5.10) 


We  evaluate  the  Fourier  radial  transform,  eqn  (5.10), 
as  follows. 

Write  the  spherical  Bessel  equation  as 

a7[rZH7jx(kr)]  +  (kr)2jx(kr)-  A(A+l)jx(kr)  =  0.  (II. 1) 

We  write  the  modified  spherical  Bessel  equation  for  any  of  its  solutions 
as 

3?tr2a7Mar)]  ‘  Or^ar)  -  X(X+lKA(ar)  =  0.  (II. 2) 


Multiply  the  first  equation  by  -cA(ar)  and  the  second  by  jA(kr)  and 
add : 


*;X(ar)^[r2H7;iX(kr)]  +  ix(kr)  [r2^A(ar)  ]  -?x(ar)  (kr)^jx(kr) 

-  jx(kr) (ar)2tA(ar)  =  0  (II. 5) 

The  first  two  terms  are  integrated  by  parts.  The  third  and  fourth 
terms  are  transposed.  The  result  is 


r2Cx(ar)j  (kr)  =  4- 

X  X  k2+a2  dr 


jx(kr)r2^x(ar)  '  r2^x(ar^jx(kr) 


(11.4) 


When  this  result  is  substituted  into  eqn  (5.10),  wc  find 


Vk)  =  J^-7(akxCar2)[jxCkri)r!a|Tix(ari)  -  r  i  i  x  Car » )  x  (kr  i  j  ] 


k2+a 


+  aix(or2)[jx(kri)rfa|-kx(or1)  -  r?kx  (or  i  )^-j  x  (kr » )  ]  0 

1  1  r 


.  -A 

a2r|jx(kr2)  [kx  (otr2)  q  (ar2)  -  ix(ar2)k^  (ar2)].  (11.5) 

k  CL 


The  quantity  in  the  brackets  is  a  simple  Wronskian  which  has  the  value 


l/(a2r2)  (Arfken,  1970).  Thus, 


f*tk)  * 

k  +a 


(5.11) 
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